An exact solution is derived in the frame of the creeping flow model to describe thermocapillary convection in a twolayer system with heat defect when the heat is transferred through the interface. The solution is characterized by the Hiemenz-type velocity and temperature distribution which is quadratic in the longitudinal coordinate. The heat defect is connected with changes in the internal energy of the interface caused by the action of thermocapillary forces on the transformation of the area and shape of the surface. A model linear problem is studied to estimate the impact of this effect on the formation of typical flow regimes and stability of these regimes. There is only a nonlinear term in the energy balance condition at the interface corresponding to the heat defect in the model problem. Depending on the values of a parameter defining the character of thermal load on the lower boundary of the system this problem may not have any solution, or it may have one or two exact solutions obtained in an explicit form. In the frame of the linear theory the stability of one of these exact solutions is investigated both taking into account the heat defect and under classical condition of heat balance at the interface setting an equality of heat fluxes on this surface. The interface position and velocity and temperature perturbation fields are calculated. With the decrease of the liquid layer thickness the changes in the internal energy of the interface can result in oscillations of the surface and saw-shaped deformations. Such behavior of the interface does not appear in the system without the heat defect.
INTRODUCTION
Fluid flows with the Hiemenz-type velocity field are known as stagnation flows, being used in many technological processes and technical equipment. The study of the characteristics of such flows is required to forecast the dynamics of skin and inner friction processes, for instance, in thrust bearings (Hunt and Torbe, 1962; Jackson and Symmons, 1965) or radial diffusers (Woolard, 1957) , as well as when developing methods of drag or friction reduction in automobile, aircraft, and space industry. The examples of these flows are motions which appear in the process of groundwater extraction or exploitation of geothermal sources, in hydraulic fracturing technologies used in oil extraction industry (Koplik et al., 1994; Zhang and Koplik, 1997) or in industrial cleaning/filtration (Detry et al., 2007) . On the microscale the Hiemenz-type flows are observed in the choriocapillaris of living organisms and used in low-invasive techniques of targeted drug delivery in medicine and in fluidic biochips (Qasaimeh et al., 2011) . The schemes of arising flow regimes are similar to those presented in Fig. 1 .
Stagnation flows are characterized by the presence of zones with higher pressure and temperature than in the surrounding area. The scenario of the stagnation flow development is the following. External flow impinges on a fixed Greek Symbols γ thickness of liquid layer in ground state, dimensionless Γ notation of interface emerge in manufacturing polymeric fibers or films. The currents are formed due to continuous stretching/shrinking of a surface. In this case, the flux approaches in different points onto the liquid layer which is at rest on an infinite horizontal extending/shrinking sheet. Even simple models describing the stagnation flows allow one to understand how a flow is generated along this surface and to determine the behavior and evolution of the fluid layer. In all the cases mentioned, it is important to know the regime characteristics for these flows in order to estimate technological parameters, irrespective of scales and velocities of the occurring processes. One of the simple and effective ways to investigate the dynamics of processes in fluids and to obtain estimation characteristics is the use of exact solutions of governing equations. Hiemenz was the first to obtain a solution describing a two-dimensional stagnation flow on a plane plate in the framework of the model of viscous incompressible fluid, as described in Hiemenz (1911) . Later, solutions of similar problems in different geometry were presented, namely, axially symmetric (Howann, 1936) and three-dimensional (Howarth, 1951; Davey, 1961) analogues of the Hiemenz solution, as well as solutions were also obtained for flows in cylindrical geometry (Wang, 1974; Gorla, 1977) and on moving surfaces (Wang, 1973; Gorla, 1978; Cunning et al., 1998) . Generalizations of the Hiemenz solution are known for the non-isothermal case (Gorla, 1976; Rahimi and Saleh, 2008; Abbasi et al., 2011; Andreyev and Bekezhanova, 2013) , for the description of heat and mass transfer in non-Newtonian fluids (Massoudi and Ramezan, 1990; Garg, 1994) and in binary mixtures taking into account thermodiffusion effects (Andreev and Sobachkina, 2012) , as well as for the description of flows induced by stretching/shrinking of a substrate (Mahapatra and Gupta, 2002; Weidman and Turner, 2017) . Both analytical (Proudman and Johnson, 1962; Robins and Howarth, 1972; Smith, 1977; Khan andŠmarda, 2013) and numerical (Sin and Chio, 2011; Andreyev and Bekezhanova, 2013) methods are used to analyze arising regimes of the Hiemenz-type flows and mechanisms which define thermal and hydrodynamical structure of these flows. The reviews of the problems devoted to studying the stagnation flows occurring in different systems and the results obtained on the basis of exact solutions of the Navier-Stokes equations are presented in Wang (2008 Wang ( , 2011 . A brief review of exact solutions of thermocapillary convection problems close to the Hiemenz solution is given in Andreev and Bekezhanova (2010) .
In the present study a flow of two viscous heat-conducting fluids with a common thermocapillary interface in a plane infinite channel with rigid walls is considered in the framework of a model problem. Here, the system is in weightlessness conditions. It is supposed that the velocity field is the Hiemenz-type velocity field. The flow is described by an exact solution of governing equations having a special form. The energy balance condition is set on the internal interface along with the usual matching conditions. Here, by "usual" we mean the conditions which are the results of the conservation laws along with the continuity conditions. The kinematic condition with the continuity equation provides the compliance of the integral principle of the conservation of mass; the dynamic condition is the consequence of the law of conservation of momentum. This balance relation takes into account the heat defect characterizing the energy consumed for the interface deformation and arising when the heat is transferred through the interface. This value allows one to describe the formation of the Marangoni strains induced by the absorption or release of heat which accompanies a local change in the area of the interface of two media. The heat defect can significantly influence the flow characteristics of fluids with low viscosities (Torres and Helborzheimer, 1993) or flows occurring in microconvection conditions. The microconvection term refers to heat and mass transfer under the conditions of low gravity or in microscales, when the thermocapillary motion of the liquid is the main form of motion. It appears that for the first time the significance of the effects associated with the heat of the interface formation and their influence on the fluid dynamics were investigated in the case of a problem of bubbles motion (Torres and Helborzheimer, 1993) . It was found that micro-scale thermal effects arising on the surface of a single bubble could cause the appearance of the temperature gradients and additional heat fluxes in a swarm of bubbles. In Kuznetsov (2010) , generalized balance conditions for forces and energy fluxes were derived. These relations take into account the dynamic action of an evaporating/condensing substance on the liquid, energy consumed during the interface deformation and change in its temperature (since the interface has internal energy, and hence, it possesses heat capacity), work done by the fluid upon the substance evaporation/condensation due to a change in the specific volume, energy consumed to overcome the surface tension, and change in the kinetic energy of the substance upon phase transformations. The governing parameters were estimated in the context of solving a problem of evaporation of a spherical layer. It was shown that capillary effects associated with the properties of the liquid-gas interface could significantly influence the dynamics of the phenomenon, in particular, the evaporation time. A parametric analysis of the condition of heat balance on the liquid-gas interface obtained as a generalization of the Stefan condition for the problem on the flow of an evaporating film driven by a co-current gas flux was performed in Iorio et al. (2011) and Goncharova (2012) . The Stefan condition is needed to obtain correct closure of initial boundary value problems where phase transition occurs and an interface phase boundary changing over time exists. The Stefan condition allows one to define the local velocity of a moving interface, as a function of quantities evaluated at both sides of the phase boundary. Usually, it is derived from a physical constraint. In problems of heat and mass transfer with phase change, the physical constraint is that of conservation of energy, and the local velocity of the interface depends on the heat flux discontinuity at the interface. In Iorio et al. (2011) and Goncharova (2012) , the terms corresponding to the heat consumed for the interface deformations both due to the evaporation and action of the Marangoni forces were taken into account in the full energy condition. It was shown that for the film flows in mini-and microchannels the order of the summand characterizing the energy expended by the thermocapillary forces on the interface deformation was comparable with the order of other relevant criteria. Furthermore, the heat defect can lead to a change of instability type of the liquid film flow without evaporation (Bekezhanova and Kabov, 2016) . In Andreev et al. (2000) , the stability of the equilibrium in a two-layer system with solid walls was investigated with regard to changes in the internal energy of the interface. The obtained results show that these variations have a stabilizing effect on the development of the Benard-Marangoni instability. This type of instability makes itself evident in the fact that a motion in the liquid layer with a free surface is induced by the surface tension, when warmer liquid comes up from the deep faster than it runs cold due to finite heat diffusivity.
According to the results obtained in the above-mentioned works the heat defect in its transfer through the interface can influence the characteristics of flow regimes and result in the appearance of additional thermal effects under certain conditions. To evaluate the impact of these effects which are manifested by changes in energy characteristics of the interface, some model problem is considered in the present work. For this purpose the topological and thermal patterns of creeping flows are studied for the ground state when the thermal load with the temperature distribution which is quadratic in the longitudinal coordinate is applied to the substrate; here, the upper wall is supposed to be thermally insulated. The character of the interface deformations and structure of the flows induced by the action of small non-stationary perturbations of an arbitrary form are analyzed in the framework of the linear theory. The comparison of the solutions for two problems is performed to estimate the effect of the heat defect on the characteristics of the two-layer flow under study. In the first problem, the classical condition of equality of heat fluxes at the internal interface is used as the energy condition. In the second problem, we deal with the thermal balance condition which takes into account the heat defect.
GOVERNING EQUATIONS AND FORM OF THE EXACT SOLUTION
Let us consider an undisturbed steady flow of two viscous heat-conducting immiscible fluids (liquid and gas) in a minichannel with the height h. The outer boundaries of the channel are fixed impermeable walls. The infinite horizontal layers Ω 1 and Ω 2
are filled with a liquid and gas, respectively, and have a common interface Γ = {(x, y) : y = l(x)} (Fig. 2 ). Here and elsewhere, the values corresponding to the lower layer filled with the liquid have a subscript "1," and those corresponding to the upper region are denoted by the index "2." The system is in zero-gravity conditions. The steady mass and heat transfer in each medium are described by the Oberbeck-Boussinesq equations
(1)
is the velocity vector of the jth fluid (j = 1, 2), p j is the pressure, θ j is the temperature, ρ j , ν j , χ j are the constant density, kinematic viscosity, and thermal diffusivity, respectively. System of equations (1) allows a solution of the following form:
which is the generalization of the Hiemenz solution (Hiemenz, 1911) for the non-isothermal case. According to Hiemenz (1911) , line x = 0 in both fluids is the critical line. The velocity is equal to zero on this line, and the motion equations must be identically satisfied in this point. The substitution of (2) in the equations of motion and heat transfer (1) and analysis of these equations for consistency lead to the following defining relations for the
where f j are constants. Equations including functions a j , b j are the result of substitution of solution (2) in the equation of heat transfer. Substituting (2) in the last equation of system (1) and equating the coefficients at corresponding degrees of x (namely, at x 2 and x 0 ), we obtain two last equations of system (3). Pressure in the fluids is distributed according to the law
Expressions for the pressure functions also follow from the consistency conditions. The constants f j defining the pressure gradients along the channel are to be determined along with the functions sought for. In the isothermal case, the classification of the solutions of form (2) was performed in Brady and Acrivos (1981) depending on the values of f j . Presupposition about full weightlessness conditions will allow one to get expressions for functions w j (y), v j (y), a j (x), b j (y), that are the components of required functions, in an explicit form. If we consider case of non-zero gravity, then these functions can be defined only with the help of a numerical method. This simulated assumption makes the problem under study the model one. In the frame of this problem we will restrict ourselves to the study of impact of the specific thermal effects related to the interface Γ.
BOUNDARY CONDITIONS
The no-slip conditions u j = 0 are set on the solid walls y = 0 and y = h. Due to the form of solution (2) they are written as
It is supposed that on the substrate y = 0 the temperature is distributed according to the quadratic law θ 1 (x, 0) = a 10 x 2 + b 10 with given constants a 10 , b 10 , and the upper wall is thermally isolated: θ 2y (x, h) = 0. Due to (2) the specified conditions give the following relations for the a j , b j functions:
Similar (quadratic) distribution allows one to simulate external thermal load with critical (maximal or minimal) values that is applied on the walls. Such situations are encountered in practice when heaters or condensers are used. It is clear that if a 10 > 0, then temperature θ 1 on the bottom wall takes on the minimum value at the point x = 0. If a 10 < 0, then temperature will be maximum at this point. Therefore, the relation for the temperature on the substrate can be considered as the condition which simulates the external local thermal load, and solution (2) can be interpreted as a solution describing the two-layer flows with the Hiemenz-type velocity near the temperature extreme point.
The tangential forces act along the liquid-gas interface [y = l(x)], and the surface tension linearly depends on temperature:
Here, σ 0 , θ 0 are the constant equilibrium values of the surface tension and liquid temperature, σ T is the temperature coefficient characterizing the rate of change in the surface tension in the case of the temperature deviations from θ 0 . We consider homogeneous (single) liquid adjoining with the gas phase under the conditions of moderate temperature drops. Upon that, liquid is free from any admixtures, and there is no surfactant at the interface. In such conditions, for most of the liquids, dependence of surface tension on the temperature on the boundary of the liquid with gas is properly described by linear law of form (7) in a wide range of temperature changes (Frolov, 1988; . In the case of a liquid-liquid system, it is necessary to take into account the surface properties of both liquids to correctly formulate boundary conditions on the liquid-liquid interface [see, for example, Bekezhanova et al. (2019) ].
Usual conditions of continuity for the velocity and temperature fields and kinematic conditions are to be fulfilled at the interface Γ:
where n is the unit vector of the outer normal to Γ directed from the region Ω 1 to Ω 2 , n =
. Zero right-hand side of the kinematic condition corresponds to steady basic state that is described by solution (2).
Taking into account the form of the required functions these conditions are written as follows:
Force balance on the interface is stated by the dynamic condition:
where P j is the stress tensor in the jth fluid, K is the mean curvature of the interface (if Γ is cambered outwards, then K > 0), ∇ Γ is the vector differential operator denoting the surface gradient ∇ Γ = ∇ − n(n · ∇). In the balance relationship the terms related with the interface acceleration (inertial forces of Γ), superficial shear, and strain viscosity are omitted due to their smallness in real conditions . The projection of the dynamic condition on the normal and tangential vectors to the interface Γ results in the scalar relationships:
where D(u j ) are the strain velocity tensor corresponding to the vector field u j , e is the unit vector of the tangent to Γ (Fig. 2) . In the non-dimensional variables, the first condition from (9a) has the following form:
where Ca = ρ 1 ν 1 u * /σ 0 is the capillary number, u * is the characteristic velocity equal to the rate of thermal relax-
Let us suppose that the interface Γ is a weakly deformable surface, or suppose that the capillary number is small (Ca ≪ 1), which is the same. Then, Ca is taken as the small parameter, and equality K = 0 is the leading term of expansion (9b) with respect to this small parameter. Here, we rely on results obtained in Pukhnachov (1989b) , where appropriateness of the approach has been first substantiated, when expansion in powers of a small parameter (capillary number) can be carried out in the conditions at the interface. Condition K = 0 dictates the equation for determining the interface form: K = l xx (1 + l 2 x ) −3/2 . Then, the interface equation is the straight-line equation. Moreover, this line can be only the line that is parallel to external boundaries, i.e., l ≡ const. At that, there are no other solutions of the equation of minimal surfaces that would be restricted for all y. Consideration of the physical factors which ensure non-deformability of the interface leads to another statement of boundary condition, see Zeytounian (1998) and Nepomnyashchy et al. (2002) . Thus, without stated assumption about non-deformability of the interface one can conclude that in the ground state the interface remains a plane surface, being defined by the equality y = l ≡ const. It is supposed that in the undisturbed state the thickness of the liquid filling the region Ω 1 is equal to l, and it is known. Taking into account the form of solution (2) and dependence (7) the tangential component of the dynamic condition [the second expression in (9a)] is written as
The kinematic condition [the last equality in (8)] is reduced to the following: v 1 (l) = v 2 (l) = 0. Due to the linear temperature dependence of the surface tension the energy condition on Γ takes the form
Here, k j is the heat conductivity coefficient of jth fluid, u and θ are the values of the velocity vector and temperature of both media on Γ, which coincide by pairs owing to the requirements of continuity of the velocity and temperature fields, ∇ Γ · u is the surface divergence div Γ u for the vector u on Γ. Since l(x) = const = l, then thermal balance condition (10a) for solution (2) leads to the following equalities:
Condition (10a) is the consequence of the integral law of energy conservation and includes a non-zero term in the right-hand side. A rigorous derivation of (10a) was given in Pukhnachev (1989a) for the first time. This is the generalization of the relations presented in Napolitano (1979) for the non-stationary case. A detailed analysis of the condition and mechanisms which are described by the additional term in the right-hand side of (10a) was performed in Bekezhanova and Kabov (2016) and Andreev et al. (2000) .
EXACT SOLUTION OF THE MODEL PROBLEM
Let us eliminate the vertical velocities v j (y) from the continuity equations with regard to the no-slip conditions on the walls:
Then, the problem for the w j (y) and a j (y) functions and constants f j is separated and its solution allows one to find the functions b j . Let us write the basic conjugate boundary value problem in dimensionless form using the following relations:
where ζ, ξ are the dimensionless spatial variables, u ′ , v ′ , θ ′ are the non-dimensional components of the velocity vector v ′ and temperature, respectively, Ma = σ T a 10 h 3 /(ρ 1 ν 1 χ 1 ) is the Marangoni number. The Marangoni number is small, as a rule, if the thickness of a liquid layer is quite small, since the Marangoni number shows how many times the surface tension force exceeds a dissipative force. Then, dimensionless analogues of the longitudinal velocity component, temperature, and pressure gradients satisfy the equations
and the boundary conditions:
where χ = χ 2 /χ 1 , Pr j = ν j /χ j is the Prandtl number characteristic of the jth fluid, γ = l/h, k = k 2 /k 1 , M 0 = σ T χ 1 /(k 1 h) is the parameter characterizing the Marangoni strains which are formed as a result of the local variations of internal energy of the interface which induce the motion of the surface phase in the direction of the domains with higher surface density of free energy (Pukhnachev, 1989a; Bekezhanova and Kabov, 2016) . Equations (13) and (14) result from (3) taking into account equalities (11) and non-dimensionalization way (12). It is necessary to add to boundary conditions (15)-(18) the integral conditions appearing due to relations (11):
which allow one to find unknown constants (pressure gradients along the layers) F j , j = 1, 2. The Marangoni number Ma is included as a factor for the nonlinear terms in Eqs. (13)-(14). If the Marangoni number tends to zero (Ma → 0), then the system of Eqs. (13)-(14) becomes a linear one. Here, the Marangoni parameter plays a role of the Reynolds number, and the system of equations under consideration is an analogue of the Stokes system (Andreev, 2018) . Let us consider the model problem, eliminating all the non-linear terms in problem (13)-(19) and leaving only nonlinear boundary condition (18) unchanged.
The equations resulting from such linearization are easily integrated:
at that
and C 2 is the solution of a quadratic equation resulting from condition (18)
with the discriminant
Here, the value E is the energy parameter which characterizes the energy expended by the thermocapillary forces for the deformation of the interface Γ. Note that the action of the thermocapillary forces is caused by the presence of non-uniformities of thermal field induced by local variations of the internal energy of the interface due to the consumption/release of heat by local changes in the area of the surface layer. The variations of the surface area can be quite significant even without deformations of Γ in the vertical direction; in this case, the interface area is changed only due to stretching or shrinking.
The analysis of Eq. (23), taking into account expressions (24), shows that if the following inequality
is valid, then this equation has two solutions (for a 10 > 0 it is always the case). If this case is realized, then a solution providing physically reasonable values of the temperature and the maximum velocity modulus will be chosen. If E = E * , then there is only one solution. When the condition E * > E is satisfied, then there is no solution for Eq. (23). The two latter cases are realized only for a 10 < 0, when the temperature on the bottom wall has a maximum at the point ζ = 0 (x = 0).
The solution of linearized problem (13)-(19) allows one to define non-dimensional vertical velocities V j (ξ), pressure functions Q j (ξ) in the layers, and functions B j (ξ):
where
) .
Two problems will be considered in order to estimate the impact of the heat defect. In the first problem the variations of internal energy of the interface will be neglected. That is, M 0 = 0, E = 0, and the right-hand side of condition (18) is also equal to zero (problem 1). In the absence of the heat defect there is a unique solution of the model problem. The functions of velocity, temperature, and pressure are found with the help of formulas (20), (21), (26), (27) given M 0 = 0, E = 0. Then, the constants C 1 and C 2 are immediately determined in a single manner: C 2 = 1, C 1 = 0. In the second problem, the heat defect, with the heat being transferred through the interface, will be taken into account, i.e., M 0 ̸ = 0, E ̸ = 0 (problem 2).
The liquid HFE-7100 (segregated HydroFluoroEther, a dielectric used as a heat transfer fluid in fluidic cooling systems) is taken to be a working liquid and it fills the lower layer. Nitrogen is chosen as a gas occupying the upper layer. Typical distributions of the velocity and temperature in an undisturbed two-layer system with different values of the lower layer thickness l are presented in Figs. 3-6. The results were obtained using the values of physical parameters of the working media given below in the order {HFE-7100, nitrogen} and parameters σ T and σ 0 given only for the lower fluid: ρ = {1.5 × 10 3 , 1.2} kg/m 3 , ν = {0.38 × 10 −6 , 0.15 × 10 −4 } m 2 /s, χ = {0.4 × 10 −7 , 0.3 × 10 −4 } m 2 /s, k = {0.07, 0.02717} W/(m·K), σ T = 1.14 × 10 −4 N/(m·K), σ 0 = 7.2 × 10 −3 N/m. The thickness of the upper layer is taken to be equal to 1 mm for all the cases. The values of the lower layer thickness l are taken to be equal to l = 0.01, 0.1, and 1 mm, so that the Marangoni number Ma remains quite small. The values for E, Ma 0 , and for the Marangoni and capillary numbers Ma and Ca, as well as the value of E * for problem 2 which are appropriate for the thermal load at a 10 = −1 • C/m 2 , are presented in Table 1 for all the cases under consideration. In Figs. 3 and 5 the darker (lighter) domains correspond to the regions with higher (lower) velocity of motion. The analysis of the velocity field allows one to conclude that the origin of the coordinate system (ζ = 0, ξ = 0) is the saddle-type critical point. The interface Γ is a streamline along which fluids move in the direction of the critical point. Near this point the motion velocity decreases, and the direction of motion changes. In the upper layer, the fluid moves upward, and in the lower layer the liquid moves in the downward direction, spreading on the periphery from the vertical asymptote ζ = 0. Two vortices with the opposite circulation appear in each layer. Cores of the swirls are shifted to the interface and have a lengthwise elongated shape. Within the cores the flow velocity is considerably lower than in the whirl body. Here, core is the central part of the swirl. The "whirl body" term refers to domain from boundary of the core to swirl edge. One can see that the change in the lower layer thickness does not lead to alterations in the velocity field. In Ω 1 , the pattern of the vortices is retained for all the considered values l. In the upper layer the core becomes less pronounced with decreasing of l [ Fig. 3(a) ].
In the context of problem 2 the temperature in the two-layer system under consideration has a distinct parabolic distribution. Taking into account the expressions for A j , B j functions, one can see that the impact of the heat defect appears in the influence attenuation of the heat impact in the liquid volume. Maximal temperature in the lower layer is reached near the interface above the domain where the maximal thermal load is applied. Thus, a hot zone is formed in the layer Ω 2 above the point of the temperature maximum [ Fig. 4 , in passing to dimensional values of the temperature θ the non-dimensionalization way and the temperature scale referred to in (12) should be taken into account]. With the growth of the thermal load intensity (with the increasing |a 10 |) the structure of hydrodynamic and temperature fields is not changed, only the temperature drop in the system is enhanced. Fields of the velocity and temperature arising in problem 1 are presented in Figs. 5 and 6. The topological pattern of the flow is completely retained. The flow still has two vortices in each layer, but its velocity decreases (it is necessary only to compare the flow intensity in Figs. 3 and 5) . The distribution of the temperature in the system without the heat defect at the internal interface changes considerably in comparison with the temperature in problem 2. The equality of the heat fluxes on Γ ensures the uniform heat distribution in the vertical direction in both layers (Fig. 6) .
LINEARIZED PROBLEM FOR PERTURBATIONS OF THE EXACT SOLUTION
Two-layer mini-and microsystems are highly sensitive to the action of mechanical and thermal factors which can lead to the loss of stability of the ground state. Therefore, one of the most important issues is the stability characteristics. The stability analysis allows one to determine the shape of the interface, typical forms of perturbations, and regularities in their behavior.
Let us consider the exact solution obtained in the framework of the model problem described in Section 4 for the case where the upper wall is thermally isolated, and the temperature maximum (i.e., a 10 < 0) is reached on the substrate at the point ζ = 0. The influence of the internal energy variations of the liquid-gas boundary on the character of the interface deformations and on the perturbation structure of this exact solution will be investigated. For this purpose, a problem of arbitrary small non-stationary perturbations of the velocity U ′ j (ζ, ξ, τ) = (U ′ j (ζ, ξ, τ), V ′ j (ζ, ξ, τ)), pressure P ′ j (ζ, ξ, τ), and temperature T ′ (ζ, ξ, τ) is considered. Let us denote the coordinate vector as z = (ζ, ξ). Let us also set z j = z + Z j (z, τ), where Z j is the translation vector for the fluid particle (the coordinate perturbation vector), Z j | τ=0 = 0. Then, domain Ω j is the domain obtained by translation of Ω j over Z j . We consider a disturbed solution
Assuming the smallness of initial velocity perturbation one can hope that perturbations to be small at least on a short time interval. The coordinate perturbation vector is also supposed to be small along with its derivatives, so that domain Ω j is little different from Ω j .
In linear approximation, the equations for disturbances of the basic steady-state solution defined by functions (20), (21), (26), (27) take the form:
where τ = χ 1 t/h 2 . On the external fixed boundaries the following conditions are valid:
The interface can be deformed under the action of the perturbations, and the perturbation vector on the interface can be presented in the form Z = Rn + Z 0 , where Z 0 lies in the tangential plane to Γ. Then, taking into account that Z ≡ Z 1 = Z 2 on the interface, the equation l = l( z, τ) + R( z, τ) = 0 is the equation of the disturbed interface Γ. With respect to flat form of undisturbed boundary at the moment τ = 0, the value R describes the local deviation of the interface in the normal direction from the unperturbed state [for details, we refer to Zeytounian (1998) ]. Then, the boundary conditions on Γ are written as
Problem (28)-(31) is a result of linearization of the original system (1) and boundary conditions on the solid walls and interface formulated in Sections 2 and 3 for the true desired functions. In solving the problem it should be taken into account that functions u ′ , v ′ , θ ′ represent solutions of the system which is linear itself (i.e., an analogue of the Stokes system) at Ma → 0.
As before, the problem statement with M 0 = 0, E = 0 is referred to as problem 1. In this case the heat defect is neglected, and the right-hand side of the last equality in (31) is also equal to zero. If the changes in the internal energy of the interface are taken into account, then M 0 ̸ = 0, E ̸ = 0, and the right member of the thermal balance condition in (31) is different from zero (problem 2). In the latter case, the values of the above-mentioned parameters specified in Table 1 for the corresponding thicknesses of the liquid layer are used in solving the stability problem.
INFLUENCE OF THE HEAT DEFECT ON THE STABILITY OF THE TWO-LAYER FLUID FLOW
In both cases, the boundary-value problem (28)-(31) is solved numerically with the help of the method proposed in Ovcharova (2017) which was adopted for the system under consideration and matching conditions at the interface. The computational procedure involves (i) the restatement of the problem in "stream function-vorticity" terms; (ii) the transition from the domains Ω j with curvilinear boundaries to the canonic computation regions at each time step. At this, all boundaries of computational domains, including the interface, will consist of coordinate lines of a new mesh, and unknown functions of perturbations will be calculated in the regions with straight limiting lines; (iii) the use of the unconditionally stable finite-difference scheme of stabilizing correction which has formally the second order of accuracy; (iv) the solution of the corresponding systems of linear algebraic equations with the help of the variants of the Gaussian elimination usual sweep method or the Thomas algorithm in the spatial variable directions.
To perform computations the infinite layer is replaced with a finite domain. In this regard, fictitious lateral thermally insulated boundaries are introduced at a sufficient distance from the origin of coordinates. The horizontal size of the computational domain is chosen so that the interface remains flat far away, and the contact angles in the points of three-phase contact on the lateral fictitious boundaries are kept unchangeable, i.e., to be equal to π/2. Such approach enables one to avoid a complex problem on determination of the contact angle. In each problem the position of the disturbed interface ( Figs. 7 and 8) was determined, and the perturbation fields ( Fig. 9 ) arising near the point of thermal shock were calculated.
The behavior of perturbations and evolution of the interface with time are investigated. At an early stage the interface begins to undergo deformations due to the action of perturbations. The distortions are caused by the presence of the horizontal temperature gradient at the interface Γ. The temperature drop along the liquid-gas interface results in the formation of a "hot" pole and subsequent thermocapillary spreading of the liquid along Γ. Here, maximum deformations appear in thinner layers; it is necessary only to compare the deformation amplitudes in Figs. 7 and 8 for different liquid layer thicknesses l. The obtained result is easily explained, keeping in mind the thermodynamical meaning of the surface tension as specific work for the extension of the surface area by its stretching. The decrease in the liquid layer thickness leads to the reduction of its volumetric energy. However, the interfacial energy, which is axiomatically associated with the surface tension coefficient σ(θ), becomes the primary factor ensuring the motion. It results in the molecules in surface layer being strongly attracted to each other; therefore, the surface tension forces become more intensive, doing larger positive work on transferring the molecules from the volume phase into the superficial one. Here, in problem 1 the shape of the interface is slightly varied with the change of l. In the zone of the thermal shock there appear two clearly marked concave and three cambered menisci. The central menisci appearing near the point of the temperature maximum (ζ = 0) are less pronounced [Figs. 7(a) , 7(c), 7(e)]. In the system with the liquid layer thickness l = 1 mm the impact of the heat defect is practically non-existent. It can be concluded from the interface shapes which are formed under the conditions of problems 1 and 2 that the character of distortions and the shape of Γ do not have visible differences in each fixed moment of time [Figs. 7, 8(e) , and 8(f)]. In problem 2 solved with regard to the energy characteristics of the interphase the deformations of the surface have a different form [Figs. 7(b) and 7(d) ]. The number of the concave and cambered menisci increases, and the amplitude of the interface deformations is flattened, and the interface Γ has a saw-toothed shape near the point of the maximum temperature.
In problem 1 the interface is stabilized with time in all the configurations under study. Here, by stabilization we intend the following: form of the interface will not be changed in the course of time after it has been shaped under the action of perturbations. In the zone of the maximum thermal load the stable thermocapillary deflection with the negative curvature and two distinct peaks are formed [ Figs. 8(a) , 8(c), and 8(e)]. The heat impact reduces the surface tension of the liquid-gas boundary. Therefore, the interface sagging occurs. Such a character of the interface deformations can be elucidated by analyzing the normal component of the condition of momentum balance on Γ [the fifth equality in (31)]. The last term in this dynamic relation includes the coefficient (Ca −1 − Maθ 1 ) and characterizes the extent of the interface deformability with the changing temperature. When the temperature θ on Γ grows, then the Maθ 1 summand also increases, and hence, the surface tension decreases since this term has the negative sign.
An essentially different picture appears in the conditions of problem 2. In systems with thin layers the interface oscillations are observed, accompanied by the change in the shape and peak-to-peak amplitude [ Figs. 8(b) and 8(d) ]. If the thickness of the liquid layer is comparable with that of the gas layer, the influence of the heat defect is absent, as in the case of l = 1 mm. The shape and amplitude of the deflection close to the temperature maximum point are almost identical in both considered problems [Figs. 8(e) and 8(f)].
In problem 2 the differences in the structure of the appearing disturbances of the velocity field ( Fig. 9 ) occur. The ground state is characterized by the presence of the temperature gradient ∂θ/∂x along the boundary. Furthermore, random small perturbations of temperature will induce variations of the surface tension σ in different points of the interface. Since the surface tension depends on temperature (7), then in certain parts of Γ the surface tension will be higher than in the nearby areas. The liquid will tend to reduce the surface energy by enlarging the interface domains with smaller surface tension. Thereby, on the liquid-gas boundary there occurs motion from the areas with smaller surface tension in the regions where the boundary tension is higher. The viscous forces induce motion in the nearsurface layers. Owing to continuity the liquid in the domains with the smaller surface tension, and consequently with the higher temperature [with regard to dependence (7)] is replaced by the fluid coming from the bulk. It results in the formation of circulating cells which are a typical example of dissipative structures (Nikolis and Prigozhin, 1979) . The equality of tangential velocities of the fluids on Γ ensures similar motion in the upper layer ( Fig. 9 ). To better visualize the flow pattern, different scales for the liquid and gas layers are used in Figs. 9(a) and 9(b). Thus, random perturbations in the two-layer system can lead to the instability of ground state under consideration. Here, the basic mechanism of instability is the gradient of the surface tension ∂σ/∂x associated with the temperature gradient ∂σ/∂x = (∂σ/∂θ) · (∂θ/∂x). Different transverse dimensions of the circulating cells, their number, and shape, and consequently, a distinct character of the interface deformations in the systems with different thicknesses of the liquid layer can be explained by different contributions of the thermocapillary effect which is most pronounced under small thicknesses of the liquid layer.
The temperature gradients (the main one formed by the temperature distribution on the substrate which is quadratic with respect to the longitudinal coordinate, and the random ones generated by thermal perturbations) produce additional pressure, the actual pressure being higher than the hydrostatic one. At the same time, there are domains with reduced pressure in the liquid. These regions are formed near the temperature maximum point and in the zones where the temperature rise is caused by the disturbances. The deflections of the interface appear here. If the actual pressure is equal to the hydrostatic one, then there will be no deformations of the interface. In the systems without any heat defect, the velocity perturbation field changes with time. The external vortices are pressed out from the periphery, where the increased pressure is formed, into the domain with the lower one, thereby the flow again has two vortices in each layer. Similar quadruple vortex flow in the liquid-gas system represents an asymptotic steady regime. Using the term "asymptotic steady regime," we mean the structure of flow that is kept, i.e., topological and thermal patterns are not changed any more with time. The shape of the interface shown in Figs. 8(a) , 8(c), and 8(e) corresponds to this regime. If the local variations of internal energy of the interface occur, then additional non-uniformities of the temperature field are observed on Γ. Thus, the oscillations of the interface at small l [Figs. 8(c) and 8(d)] are caused by additional temperature gradients to which thin layers are more sensitive. With time the topological and thermal patterns of flows in the systems with a small thickness of the liquid layer are not changed. The multi-vortex structure of the flows similar to the one presented in Figs. 9(a) and 9(b) is retained in each layer, and the oscillations of the interface are observed in the zone of the thermal shock.
CONCLUSION
The character of the influence of the heat defect when heat is transferred through the liquid-gas interface is investigated in the context of an exact solution of a model problem. The two-layer system under consideration is in weightlessness and undergoes thermal load from the substrate. Analyzing the stability of the exact solution allows one to estimate the role and extent of the influence of energy characteristics of the thermocapillary interface on convective regime patterns appearing in the system under consideration with different thicknesses of the liquid layer.
In the frame of the proposed approach the formation of cellular motions with different symmetry which are induced due to the thermocapillary mechanism and various scenarios of the interface behavior are described. By solving the stability problem it is shown that the changes in the internal energy of the interface lead to a substantial alteration of the structure of hydrodynamic perturbations and oscillations of the surface near in the zone of thermal shock in the systems with a thin liquid layer. In each layer multi-vortex structures occur. The swirls are symmetric with respect to the coordinate of the thermal extreme point and have pairwise contra-circulation. Decreasing the liquid layer thickness results in a larger number of cellular structures due to intensification of the impact of the thermocapillary properties of the interphase boundary. The heat defect has a destabilizing influence and can give rise to oscillations of the interface. The smaller is the liquid layer thickness, the stronger is the manifestation of this effect.
It is clear that describing the convection "in the small," linear problem considered does not allow one to describe the behavior of the system if there are non-linear convective terms in the original statement. Likewise, a solution of the linearized stability problem does not provide the description of the system evolution at the advanced stage of the process. However, it gives a possibility to define character (growing or damping) and structure of the arising disturbances. Moreover, despite a set of simplifying assumptions accepted in the original problem, the obtained results allow one to conclude that under certain conditions the contribution of the heat defect can be substantial and can influence the characteristics of both ground and disturbed state of the two-layer system. Based on the example of the results presented in Bekezhanova and Kabov (2016) one should expect that the effect of the energy characteristics of the interface will be preserved in the framework of the full formulation of the problem with non-linear convective terms. Further investigations will aim at deriving an exact solution for full convection equations, obtaining critical characteristics of the stability, and analyzing the influence of the problem parameters (system geometry, properties of working media, type of the boundary conditions for the temperature function) and external disturbing action (particularly, thermal load) on the properties of the derived exact solution.
